Introduction
In this paper, we are concerned with the following critical problem where Ω ⊂ R n is a smooth bounded domain, 0 ∈ Ω, 0 < s < 1, 0 < α < 2s < n, Recently, the existence of nontrivial solutions for nonlinear fractional elliptic equations with Hardy potential (−∆) s u − µ u |x| 2s = g(u) in Ω, (1.2) have been studied by several authors. Barrios, Medina and Peral [1] studied (1.2) with g(u) = u p + λu q (0 < q < 1, 1 < p < p(µ, s)) and discussed the existence and multiplicity of solutions depending on the value of p. Fall [5] studied (1.2) with g(u) = u p (p > 1) and obtained the existence and nonexistence of nonnegative distributional solutions. Shakerian [10] studied the following problem
where
A sufficient condition is established for the existence of a positive solution for (1.3). Zhang and Hsu [11] investigated a system of fractional elliptic equation involving critical Sobolev-Hardy exponents and concave-convex nonlinearities, the existence and multiplicity of positive solutions was proved by variational methods. Motivated by the above papers, we will study the problem (1.1), here is the main result of this paper.
, where β + (µ) is the unique solution of Ψ n,s (β) = 4
and there exist constants c 1 , c 2 > 0 and p ∈ (2, 2 *
then problem (1.1) has at least a nonnegative solution.
Preliminaries
Let Ω be a smooth bounded domain in R n with 0 in its interior.
we denote by L p (Ω) the usual Lebesgue space with the norm
For s ∈ (0, 1), the fractional Sobolev space H s 0 (Ω) is defined as the closure of C ∞ 0 (Ω) with respect to the norm
By the fractional Hardy inequality (see [6] )
we see that | · | is well defined and for 0 < µ < µ H (s), | · | is equalivalent to the norm · H s 0 (Ω) . In order to study positive solution for (1.1), we consider the existence of nontrivial solutions to the problem
The energy functional I : H s 0 (Ω) → R whose critical points are weak solutions to problem (2.2) is given by
. (2.3) n ), when 0 < α < 2s < n and −∞ < µ < µ H (s). Note that any minimizer for (2.3) is a variational solution of the following borderline problem
by [7, 10] , for 0 < µ < µ H (s), the problem (2.4) has positive radial symmetric
. Then, as ε → 0, we have the following estimates:
7)
where β + (µ) is the unique solution of Ψ n,s (β) = 4 Proof. We use the method of contradiction to show that {u n } is bounded. Suppose that |u n | → ∞ as n → ∞. Let v n = u n / |u n |, then |v n | = 1. By (f 3 ), we get
where θ = min{2 * s (α), ρ}. Up to a subsequence, we assume that
, and v n → v a.e. in Ω. Thus, by (3.1), we get v = 0. On the other hand,
since K is big enough, this is a contradiction. Therefore {u n } is bounded in H s 0 (Ω) and there exists u ∈ H s 0 (Ω) such that u n ⇀ u up to a subsequence. By the weak continuity of I ′ , we have
By the definition of Λ µ,s,α ,
If |u n | → 0, this contradict c > 0. Then by (3.4),
It follows from (3.2) and (3.5) that
this contradicts c < Lemma 3. Assume that 0 < α < 2s < n, 0 ≤ µ < µ H (s),
By (2.6),
Note that lim t→+∞ g(t) = −∞, g(0) = 0, g(t) > 0 for t > 0 small enough, thus sup t≥0 g(t) is attained for some t ε > 0. Since
we have
By (f 1 ), we have
Choosing ε small enough, by (3.6), (2.5) and (2.7), we have
On the other hand,ḡ(t) attains its maximum at t
and is
, by (2.5), (2.7), (3.7) and (f 2 ),
Since K is big enough, we have
Proof of Theorem 1.1. From fractional Hardy-Sobolev inequality and fractional Sobolev inequality, it follows that
By (3.8), (f 1 ),
Thus, there exists δ > 0 such that I(u) ≥ δ for all u ∈ ∂B r (0) = {u ∈ H 
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